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Abstract In this paper, we give sufficient conditions for the upper semicontinuity prop-
erty of the solution mapping of a parametric generalized vector quasiequilibrium problem
with mixed relations and moving cones. The main result is proven under the assumption
that moving cones have local openness/local closedness properties and set-valued maps are
cone-semicontinuous in a sense weaker than the usual sense of semicontinuity. The nonemp-
tiness and the compactness of the solution set are also investigated.

Keywords Equilibrium problem - Moving cone - Openness property - Closedness
property - Diagonal quasiconvexity

1 Introduction

In this paper, we are interested in the upper semicontinuity of the solution mapping of the
general Problem (P;) below, where ¢ is a parameter of a topological space T'. In this paper,
for any set ¥, each subset (Y of the product 2¥ x 27 is called a relation on 2¥ . In the theory
of vector equilibrium problems, we often deal with the case a(Y) = «;(Y), j = 1,2,3,4,
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where Y is a topological vector space and

a1 (Y) = {(a,b) €2¥ x2¥ :a ¢ b},
ar(Y) = {(a,b) € 2¥ x 2" :a C b},
a3(Y) = {(a,b) € 2¥ x2¥ :anb #£ 3},
as(Y) ={(a,b) €2 x2¥ :anb =0}

(¥ being the empty set).

Assume that 7', K and E are topological spaces; Y;, j = 1, 2, 3, 4, are topological vector
spaces;A’:T><E><K—>2K,A:T><E><K—>2K,B:T><E><K—>2E,Fj:
TXxExKxK-—2%Gj:TxExKxK—2%Cj:TxExKxK—
2Yi,j = 1,2, 3, 4, are set-valued maps with nonempty values;and C; : T x EX K x K —>
ZY-/',j = 1,2, 3,4, are such that for each (t,z,x,n) € T x E x K x K,Cj(t,z,x,n) isa
convex cone of Y¥;. Foreach j = 1,4, and each (t,z,x,n) € T x E x K x K, we assume
that the interior of the set C;(t, z, x, ), denoted by int C; (¢, z, x, 17), is nonempty. For each
J =1,2,3,4,leta;(Y;) be the relation introduced above. For (¢, z,x,n) € T x Ex K x K,
let us set

Git,z,x,n) = Gj(t,z,x,m) +Cj(t,z,x,m), j=23,
Git,z,x,m) = Gj(t,z,x,m) +int Cj(t,z,x,m), j=14

Consider the following Problem (7P;), where ¢ is a fixed point of 7'.
Problem (7;): Find a point (z9,x9) € E x K such that (zo9,x0) € B(t,z0,x0) X
A'(t, zo, xo) and for all n € A(t, zo, x0),

(Fj(t, z0, x0, ), Gj(t, 20, x0, M) € a; (¥}), j=1,2,3,4.

It is worth noticing that we do not assume that the set-valued maps appearing in the
four relations in this model are the same. So, in general, all the different relations o (Y),
Jj =1,2,3, 4, can simultaneously appear in this model. This is a motivation for using the
term “mixed” in the title of this paper.

Problem (7;) is a general version of several different problems in the theory of equilibrium
problems. Before mentioning some special cases of this model, let us note that in this paper
we are interested only in those cones of a vector space which contain the origin of this space
and do not coincide with the whole space.

(@) If F; =G;=({0}, j =2,3,4, then conditions

(Fj(t, 20, x0, M), G'j(t, 20, x0, M) € @j(¥}), j=2,3,4,

are automatically satisfied, and hence Problem (7;) becomes Problem (73,1) of finding a point
(z0, x0) € E x K suchthat (zo, xo) € B(t, zo, x0) X A'(t, 20, x0) and, forall n € A(t, zo, X0),

Fi(t, 20, x0, 1) ¢ G1(t, zo. X0, ) + int C1(t, 2o, X0, 7).

Problem (P}) was widely investigated in many papers. For a list of several special cases of
this model, see [1]. Observe that most special cases of Problem (73,1) were treated under the
assumption that A" = clA (i.e., each value of A’ is the closure of the corresponding value
of A), G1 = {0} and C is a constant convex cone. Under this special assumption, the upper
and lower semicontinuities of the solution set S!(¢) of Problem (Ptl) were given in [3,4].
For the case where G| = {0}, C; is a moving cone, but Fj is a single-valued map, see [18].
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If C is a moving cone depending only on x € K, and G| = {¢}, where ¢ is a fixed point of
the set Nycgint Ci(x), Problem (Ptl) reduces to Problem (e—GV E P) in [19].

Problem (GV QE P1) in [21] corresponds to Problem (73,1), where G| = {0} and all set-
valued maps involved in Problem (Ptl) do not depend on z.

(b) IfF; =G;={0},j=1,3,4, then conditions

(Fj(t, 20, x0, ), G'j(t, 20, x0, M) € @ (Y}), j=1,3,4,

are automatically satisfied, and hence Problem (PP;) becomes Problem (73,2) of finding a point
(z0, x0) € E x K suchthat (zo, xo) € B(t, zo, x0) X A'(t, 20, x0) and, forall n € A(t, zo, X0),

F>(t, z0, X0, n) C G2(t, zo, X0, n) + Ca(t, 20, X0, 7).

If C, = {0} and Go(¢, z, x, 1) = 52(1, z,x,x) forall (t,z,x,n) € T x E x K x K, where
ég(t, z, X, x) is some set of Y», the semicontinuities of the solution set &2 (t) of Problem
(P,z) were examined in [5,6].

For the existence results in Problem (7?[2) with Cp = {0}, see [31,32]. If C» is a constant
convex cone, and if Gy (¢, z, x, n) = Fa(t, z, x, x) (or F>(t, z, x, n) = Ga(t, z, x, x)) for all
(t,z,x,n) € T X E x K x K, existence results for Problem (73,2) can be found in [23,35,36].
Problem (GV QE P2) in [21,22] corresponds to Problem (Ptz), where G, = {0} and all the
maps A, A’, B and C, do not depend on the variable z.

(¢) If F; =G; ={0},j=1,2,4, then conditions

(Fj(t, 20, %0, m), Gj(t, 20, %0, M) € @j(¥;), j=1,2,4,

are automatically satisfied, and hence Problem (P;) becomes Problem (73,3 ) of finding a point
(20, x0) € E x K suchthat (zg, xo) € B(t, zo, x0) x A'(t, zo, x0) and, forall n € A(t, zg, x0),

F3(t, 20, x0, 1) N [G3(t, 20, X0, n) + C3(t, 20, X0, n)] # @.

If C3; = {0} and G3(¢t,z,x,n) = (~33(t, z,x,x)forall (¢,z,x,n) € T x E x K x K, where
630‘, Z, X, x) is some set of Y3, the semicontinuities of the solution set S>(r) of Problem
(73,3 ) were examined in [5,6]. Existence results for Problem (79?) with C3 = {0} can be found
in [31] (see also [32]).

(d IfF; =G;={0},j=1,2,3, then conditions

(F;(t, z0, X0, M), G}(I,Zo,xo, m) ea;j(Y;), j=12,3,

are automatically satisfied, and hence Problem (7;) becomes Problem (73,4 ) of finding a point
(zo, x0) € E x K suchthat (zo, xo) € B(t, zo, x0) X A’(t, 20, x0) and, forall n € A(t, zo, X0),

Fu(t, zo, x0, n) N [G4(t, zo, X0, n) + int C4(z, zo, X0, N)] = V.

If A’ = clA, G4 = {0} and C4(t, z, x, n) is a constant convex cone, the upper and lower
semicontinuities of the solution set S*(¢) of Problem (73z4 ) were investigated in [3,4]. Problem
(GVQEP1) in [22] is a special case of Problem (”P,4 ), where G4 = {0} and all set-valued
maps A, A’, B and C4 do not depend on z. If C4 is a moving cone depending only on x € K,
and G4 = {¢}, where ¢ is a fixed point of the set Nyexint C4(x), Problem (Pt4 ) reduces to
Problem (¢—EV EP) in [19].
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(e) If F; =G ={0},j=2,3, then conditions

(Fj(t, 20, x0, ), G'j(t. 20, x0, ) € @ (¥}), j = 2,3,

are automatically satisfied, and hence Problem (7;) becomes Problem (Pt1’4) of finding
a point (z9, x9p) € E x K such that (zo, x0) € B(t, 20, x0) x A'(¢, 20, Xo) and, for all
n € A(t, zo, X0), we simultaneously have

Fi(t, z0, x0, 1) Z G1(t, 20, x0, ) + int Cy(t, 20, X0, 1),
F4(t, zo, x0, n) N [G4(t, zo, X0, n) + int C4(¢, zo, X0, M1 = V.

If we additionally assume that F;, G, j = 1, 4, are single-valued, then the last two condi-
tions mean that

Fi(t, z0, x0, 1) ¢ G1(t, 20, X0, n) +int Cy (¢, zo, X0, n),
Fy(t, 20, X0, 1) & Galt, 2o, X0, n) + int C4(t, zo, X0, ).

From this discussion it is clear that the symmetric vector quasiequilibrium problem in [12] is
a special case of Problem (77,1’4). Similar arguments show that the symmetric strong vector
quasiequilibrium problem in [13] is a special case of Problem (7;) with F; = G; = {0},
j=14

We have seen that our model provides a unified approach to several different equilibrium
problems. Another motivation for our model is that it allows us to consider practical problems
which cannot be treated by the existing approaches. As an example illustrating this remark,
consider a vector version of a game with two players. Let K i i = 1,2, be the set of the
strategies of the ith player. In the classical game, it is required to find a pair of strategies
(xé,xg) € K' x K2 such that

fegxd) < fatoxd), v ek,
fd,xd) < fd, ), ¥n? e K2,

where f : K' x K — R is some real function. In the vector version of the game,
the players have different multiobjective goals: it is required to find a pair of strategies
(xé,xg) € K'! x K? such that

A3 ¢ A, xd) +int €y, Vn' e K,
HGg 1) € frlxh, n®) +Ch, Vn? e K2,

where for each j = 1,2, C ; is a convex cone of a topological vector space Y;, f; : K Iy

K? — Y; is a vector-function, and C} is assumed to have nonempty interior. Thus the
desired pair of strategies (x(]), xg) is such that x(l) is a weak efficient solution of f(-, xg) with
respect to C{, while xg is a strong solution of f3 (x(%, -) with respect to Cj. In this game,
we deal simultaneously with two different kinds of the well-known concepts of solutions in
vector optimization; and the game cannot be included as a special case of earlier models in
(a),(b),(c) or (d), since each of these models uses only one kind of solutions: weak solutions
(in (a),(d)) or strong solutions (in (b),(c)). It is easy to see that this game can be examined
in the framework of Problem (P,) if we set F; = G; = {0}, j = 3,4,K = K! x K?,
and A(t,x,n) = A'(t,x,n) = K,Cj(t,z,x,n) = C}, Fj(t,z,x,1) = fixhx?),j =
1,2,Gi(t,z,x,m) = filn',x?),Ga(t,z,x,n) = fr(x!,p?) forallt € T,z € Z,x =
Lx)ek!'xK>:=K,n=0"n*) e K' x K* =K.
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Problem (P) is also useful for traffic networks. The well known Wardrop’s user principle
in traffic networks [37] was extended to the vector case in [38,39] where vector equilibrium
flows can be found by solving a vector variational inequality problem. We will see that vector
equilibrium flows which will be introduced below can be obtained by solving Problem (7;).

Let G = (N, A) be a traffic network where N is the set of nodes and A is the set of arcs.
Let Z be the given set of the origin-destination pairs (shortly, O D-pairs) and P; be the given
set of paths joining O D-pairi € Z. Let n := > ;7 | Pi| where | P;| denotes the number of
the elements of P;. For a path p € P;, denote by ®, € R the traffic flow on this path and
by ® := (¥, p € P;,i € I) € R} the vector constructed by these flows, where R’ stands
for the nonnegative orthant of R”. For each path flow vector ®, define the arc flow vector
¢ := (pa,a € A) by

Pa = Z Z Sapd)p»
i€Z pePb;

where 8,, = 1 if arc a € p and §,, = 0 otherwise.

In our traffic network, it is assumed that the demand d = (d;, i € 7) of the traffic flow is
given, and that the traffic flow must satisfy the demand, i.e., > pep; @, =d;foralli € Z.
Let

K={®d:®,eRy, > ®,=di, Viel
PEP;
be the set of all such traffic flows.
Let wa (@) := (uq (@), va(9)) € RT x RS = RI(l = ¢ + s) be a vector arc weight on arc
a and let w(p) = (wq(p),a € A) be the [ x | A|-matrix constructed by these vector arc
weights. We define the vector weight W), (®) on the path p € P; as the sum of all the arc
weights on this path, i.e.,

Wy(®) = D wa(p) € B
acp
Clearly,
Wy (@) = (Up(®), Vp(P)),
where

Up(®) = D" ualp) € RY, V(@) = D val) € R,

aep aep
Consider the [ x n-matrix W(®) = (W, (®), p € P;,i € 1). Itis not difficult to verify that

U(cb))

W(q>)=(v(®)

where U(®) := (Up(P),p € Pi,i € I) and V() := (V,(®), p € Pi,i €eI)areg xn
and s x n-matrices, respectively.
Let C; C R? and C; C R be convex cones, with int C; # (. We say that a path flow
vector ® € K is a vector equilibrium flow if
VieI Vp,p ePpP:
@, = 0 whenever Up(P) — U, (®) € int Cy or V(D) — Vi (P) ¢ —C.
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This is a generalized version of the Wardrop principle in traffic networks [37]. Roughly
speaking, this definition means that, in the vector equilibrium flow &, users only choose the
path p € P; to travel on, if it is the best one in the sense that the following two conditions

Uy (®) — Up(®) ¢ —int .
Vp/(qD) — Vp((b) €

are simultaneously satisfied for each path p’ joining the same O D-pair i. The first (resp. the
second) of these conditions proves that p is a weak (resp. strong) solution of the vector opti-
mization problem whose objectives are given by the vector-function U, (®) (resp. V(D))
of the variable p’ € P; and the partial ordering C; (resp. C»). Our definition of a vector
equilibrium flow differs from the corresponding ones of [38,39] in that, instead of choosing
paths with the mentioned above properties, users only choose Pareto optimal paths [38] or
weak minimum paths [39] to travel on. The standard arguments used in [38,39] show that
® e K is a vector equilibrium flow if @ is a solution of the problem of finding a path flow
vector ® € K such that for all ' € K, the following two conditions are simultaneously
satisfied:

U(®)(® — @) ¢ —int Cy,
V() (D — d) € Co.

Obviously, the just mentioned problem is a special case of Problem (7;) and hence, our
model is useful in studying traffic networks.

This paper is also motivated by a result (see Proposition 3.1 of [24]) saying that, for a
set-valued map C : X —> 2Y from a topological space X to a normed space ¥ such that
for all x € X, C(x) is a closed (not necessarily convex) cone, the upper semicontinuity of
C at xg € X is equivalent to the fact that C(x) C C(xp) for all x in some neighborhood of
xo. Hence, if we additionally assume that int C(x) 7~ ¢ and C(x) is convex for all x near x,
then the upper semicontinuity of both C(-) and the complementary map C¢(:) := Y \ C(-)
at xq leads to the assumption that C(x) = C(xp) for all x in some neighborhood of x¢. This
shows that the upper semicontinuity assumption of each of the moving cones C(-), C°(-) or
of both of them in some recent papers (see, e.g., [21,22] and references therein) is a very
strong one (at least for the case of normed spaces) and is satisfied only for a very restrictive
class of problems. So, when dealing with moving cones we need to replace this assumption
by the weaker ones. In this paper, we will use such weaker assumptions, called openness
and closedness properties. These assumptions are quite diffferent from those of [33] in that
our assumptions are related directly to C;, while the corresponding conditions in [33] are
imposed on the set-valued maps C 7‘ whose values are the nonnegative dual cones of values
of C j-

The aim of the present paper is to give sufficient conditions for the upper semicontinuity,
nonemptiness and compactness of the solution set of Problem (7P;). The reader is referred
to [2,3,5,6,8-11,14-20,26-28,40-42] for different aspects of sensitivity analysis, such as
the lower semicontinuity, the continuity, the Holder and Lipschitz continuity, the differen-
tiability..., of solution mappings in several kinds of equilibrium problems and variational
inequality problems.
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2 Preliminaries

Let X be a topological space. Each subset of X is a topological space with the induced topol-
ogy. In this paper, neighborhoods of x € X are understood as open neighborhoods, and they
are denoted by U (x), Ui (x), U2(x), ... The symbols cl M and int M are used to denote the
closure and interior of M. If M is a subset of a vector space, then co M denotes the convex
hull of M.

For a set-valued map ¢ : T — 2% between topological spaces T and X, we denote by
dom ¢ and gr ¢ the domain and graph of ¢:

domg ={tr €T : () 0},
gro={(t,x)eT x X :x € p(t)}.

If  : T —> 2% is another set-valued map, then the intersection ¢ Ny : T —> 2% of ¢
and ¢ is defined by (p N Y)(¢) ;== () N Y (¢) forallr € T.

We recall the semicontinuity properties of set-valued maps in the usual sense of [7]. Let
¢ : T —> 2% be a set-valued map between topological spaces T and X. Map ¢ is upper
semicontinuous (shortly, usc) at 7y € T if, for any open set N of X with N" D ¢(19), there
exists a neighborhood U (19) of #y such that N' D ¢(¢), V¢ € U(tp). Map ¢ is lower semi-
continuous (shortly, Isc) at 7y € T if, for any open set N of X with A" N ¢(19) # @, there
exists a neighborhood U (1p) of 7o such that A" N ¢(t) # @, Vi € U(ty). Map ¢ is usc (resp.
Iscyon T/ C T if T’ C dom ¢ and if ¢ is usc (resp. Isc) at each point # € T’. If gr ¢ is an
open (resp. closed) set in 7 x X, then we say that ¢ has open (resp. closed) graph. A map
having closed graph is also called a closed map.

In this paper, we need the following notions which are special cases of the more general
definitions introduced in [34].

Definition 2.1 Map ¢ has openness property at fo € T if, for all xo € (), there exist
neighborhoods U (#y) and U (x¢) such that

x € @(t), V(t,x) € U(tg) x U(xp).

Map ¢ has closedness property at #g if , for all xg ¢ ¢(#p), there exist neighborhoods U (1p)
and U (xg) such that

x ¢ o(t), Y(t,x) € U(ty) x U(xp).

It is easy to check that ¢ has closedness property at 1y € T if and only if ¢’ has openness
property at this point, where ¢’ : T —> 2% is defined by ¢’(f) = X \ ¢(¢) forallt € T.

We say that ¢ has openness property (resp. closedness property) on a subset 7/ C T if it
has openness property (resp. closedness property) at each point 7y € 7.

Remark 2.1 Observe that ¢ has open (resp. closed) graph if and only if ¢ has openness
property (resp. closedness property) at each point 5 € dom ¢. A set-valued map having
openness property (resp. closedness property) at a point #p may not have open graph (resp.
closed graph), but it must have open (resp. closed) value at .

As a direct consequence of the above definitions, we get the following proposition. (For
the more general case, see [34].)

Proposition 2.1 Let ¢,y : T —> 2% be set-valued maps between topological spaces T
and X. Let ty € dom(p N ). If both ¢ and W have openness property (resp. closedness
property) at ty, then ¢ N has openness property (resp. closedness property) at tg.

@ Springer



646 J Glob Optim (2010) 47:639-660

The following proposition is easily derived from the proof of Proposition 2 on page 71 of

(7].

Proposition 2.2 Let ¢, : T —> 2% be set-valued maps between topological spaces T
and X, and let tg € dom(p N ). Assume that

(i) @ has closedness property at t.
(i) Y is usc and compact-valued at t.

Then ¢ N is usc and compact-valued at ty.

We now recall the notions of C-lower semicontinuity and C-upper semicontinuity of
set-valued maps introduced in [30].

Definition 2.2 Let F : X —> 2Y be a set-valued map between a topological space X and a
topological vector space Y. Let C : X — 2¥ be a map such that, for each x € X, C(x) is a
cone. F is called C-lower semicontinuous (shortly, C-lsc) at xo € X if there exists a compact
set W(xp) C C(xp) such that, for any open set N with F(xg) NN # @, we can find a neigh-
borhood U (xq) of xg such that F(x) N[N — W(xg)] # @ for all x € U(xp). This set W (xg)
is called the set associated to the C-lower semicontinuity of F at xo. F is called C-upper
semicontinuous (shortly, C-usc) at xo € X if there exists a compact set W(xg) C C(xp)
such that, for any open set A” O F(x(), we can find a neighborhood U (x¢) of x¢ such that
N + Wi(xg) D F(x) for all x € U(xg). This set W(xg) is called the set associated to the
C-upper semicontinuity of F at xg. F is called C-Isc (resp. C-usc) on a subset of X if it is
C-lsc (resp. C-usc) at each point of this set.

Remark 2.2 Clearly, if F is Isc (resp. usc) at xo € X, then it is C-Isc (resp. C-usc) at xo
for arbitrary set-valued-map C whose values are cones, since we can take W(xg) = {0}. A
map F which is C-Isc (resp. C-usc) at xg € X may not be Isc (resp. usc) at this point. For
examples illustrating this remark, see [30] and see also Example 3.1.

We now recall some concepts and results of [29,31] for later use.

Let (Y) be arelation on 2¥ where Y is some nonempty set. Let a be a nonempty convex
subset of a vector space X. Let f,c : a x a — 27 be maps such that for all (x,n) €
a x a, f(x,n)and c(x, n) are nonempty sets. We say that the pair (f, ¢) is «(Y)-diagonally
quasiconvex in the second variable 7 if, for each finite subset {x;, i = 1,2, ...,n} C a and
eachpointx € co {x;, i = 1,2, ..., n}, thereexists apoint x; such that (f (x, x;), c(x, x;)) €
«(Y). For characterizations of the o (Y)-diagonal quasiconvexity, see [31].

Using arguments similar to those of the proof of [31, Corollary 3.2] we can obtain the
following result.

Theorem 2.1 Let X, Y and Z' be locally convex Hausdorff topological vector spaces; K C
X and E' C Z' be nonempty convex compact subsets; and o(Y) be a relation on 2¥. Let
Al "E'xK — 2K A E'xK — 2K B E'xK — 2E'  F':E'xK xK — 2Y
and C' : E' x K x K —> 2V be set-valued maps with nonempty values. Assume that A
is a usc map with closed convex values; A1 is a lsc map with closed convex values such that
Ay C AY; B is an acyclicmap; and Ly - E' x K — 2K is closed and has convex values,
where Ly is defined by

L@@\ m={xeK: (F' xnCE xn)ea), . necE xK.
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Assume furthermore that, for each 7' € E’, the pair (F'(, -, -), C'(Z, -, ")) is a(Y)-diago-
nally quasiconvex in the second variable 1. Then there exists a point (zy), xo) € E' x K such
that (24, x0) € B'(z(), x0) x A’ (zy, x0) and

(F'(zg, x0. 1), C' (20, x0, ) € a(Y), ¥y € A1(zg, X0).

Recall that a set-valued map f between a topological space X and a topological vector space
Y is said to be acyclic if it is upper semicontinuous on X and if, for all x € X, f(x) is
nonempty, compact and acyclic. Here a topological space is said to be acyclic [25] if all of
its reduced Cech homology groups over rationals vanish. Observe that contractible spaces
are acyclic; and hence, convex sets and star-shaped sets are acyclic.

3 Main result

In this section, we assume that 7', K and E are topological spaces; Y, j = 1, 2, 3, 4, are topo-
logical vector spaces; A’ : Tx ExK — 2K A TxExK — 2K B: TxExK —
2B F ' TXExKxK —2Y,Gj:TxExKxK — 2%, C;:TxExKxK —
2Y; Jj =1,2,3, 4, are set-valued maps with nonempty values;andC; : T X Ex K x K —
2y/,j = 1,2, 3,4, are such that foreach (t,z,x,7) € T x E x K x K,Cj(t,z,x,n)isa
convex cone of Y. Foreach j = 1,4, and each (t,z,x,n7) € T x E x K x K, we assume
that the interior of the set C; (¢, z, x, ), denoted by int C; (¢, z, x, 1), is nonempty. Making
use of the definitions of the relations «;(Y;), and the sets G/j (t,z,x,1m),j =1,2,3,4 (see
the Introduction), we can restate Problem (7;) as follows.

Problem (7;): Find a point (zp,x9) € E x K such that (z9,x0) € B(t,z0,x0) X
A'(t, 2o, x0), and for all n € A(t, zo, x0), the following conditions are simultaneously satis-
fied:

Fi(t, zo0, x0, M) € G1(t, zo, X0, n) +int C1 (7, 20, X0, 1),
F(t, 2o, X0, ) C G2(t, 20, X0, 1) + C2(t, 20, X0, 1),
F3(t, 20, x0, m) N[G3(t, zo, x0, ) + C3(t, 2o, X0, M] # ¥,
Fy(t, 2o, x0, M) N [G4(t, 20, X0, ) + int C4(, 20, X0, M)] = V.
Before considering the upper semicontinuity of the solution mapping of Problem (P;),

we need to establish some lemmas.

Lemma3.1 Let G : X — 2Y be a set-valued map between a topological space X and
a topological vector space Y. Let C : X — 2Y be a set-valued map such that, for each
x € X, C(x) is a convex cone. Let xy € X.

(i) Assume that G is C-usc and compact-valued at xo and C has closedness property at
xo. Then the set-valued map H : X —> 2Y, defined by

Hx)=Gx)+C(x), xe€X,

has closedness property at xg.

(i) Assume that G is C-lsc at xo and int C has openness property at xo, where int C :
X — 2¥ s defined by (int C)(x) = int C(x),x € X. Then the set-valued map
H': X — 2Y, defined by

H'(x) :=Gx)+int C(x), x e X,

has openness property at xo. (Here int C (x) is assumed to be nonempty foreachx € X.)
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Proof (i) Forevery yo ¢ H(xo), we have [yo — G(x0)] N C(xg) = @. This implies that
[yo — G(x0) — W(x0)] N C(x0) = 9,

where W (xp) is the compact subset associated to the definition of the C-upper semi-
continuity of G at xg. (Recall that W (xp) is a subset of the convex cone C (xp).) Since
C has closedness property at xo and the set yo — G(xp) — W(x¢) is compact, there
exist a neighborhood U (xqg) of x¢ and a neighborhood V of Oy € Y such that

y ¢ Cx), V(x,y) € Ulxo) x [(yo + V) = (G(x0) + W(xo) = V)].

By the C-upper semicontinuity property of G at xo, we may assume without loss of
generality that

Vx € U(xg), G(x) C G(xg) + W(xg) — V.
Therefore, for all x € U(xp),y € yo + V, y’ € G(x), we have
y—y ¢ CH).

This shows that [y — G(x)] N C(x) = @, ie.,y ¢ G(x) + C(x) = H(x). Hence,
y ¢ H(x) forall (x,y) € U(xg) X (yo+ V).

(i) For each yy € H'(xp), there exists y; € G(xp) such that yo — v € int C(xo). This
implies that

yo — [yg — W(x0)] C int C(x0) + C(x0) C int C(x),

where W (xp) is the compact subset associated to the definition of the C-lower semi-
continuity of G at xo. (Recall that W (xg) is a subset of the convex cone C(xgp).) By
the openness property of the map int C at xo and by the compactness of W (xy), there
exist a neighborhood U (xg) of x¢ and a neighborhood V of Oy € Y such that

y €int C(x), Y(x,y) € U(xo) x (yo+V — [y — W(xo) — V.

By the C-lower semicontinuity property of G at xp, we may assume without loss of
generality that

Vx € U(xp), y6 eGx)+ W(xg)+ V.
Hence, for all x € U (xp), there exists y’ € G(x) such that
Y €yy—V —=Wxo).
Therefore, for all (x, y) € U(xg) x (yo + V), there exists y’ € G(x) such that
y —y' €int C(x).

This shows that y € y’ +int C(x) C G(x) + int C(x) = H’(x). Hence, y € H'(x)
for all (x,y) € U(xp) X (yo + V). O

Making use of the above result, we can prove the following lemma. (In the formulation
of the statement (i) of the lemma below, it is assumed that the interior of each value of the
set-valued map C is nonempty.)

Lemma 3.2 Let T, X and Q be topological spaces and let Y be a topological vector space.
LetA:TxX —22and F,G : T x X x Q —> 2Y be set-valued maps with nonempty
values. Let C : T x X x Q —> 2 be a set-valued map with nonempty values such that for
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each (t,x,q) € T x X x Q,C(t, x, q) is a convex cone of Y. Let to be a point of T and let
A be lsc on {ty} x X. Define S; : T —> 2X i =1,2,3,4, by

Sit)={xeX:3qg € A(t,x), F(t,x,q) C G(t,x,q) +int C(t,x, q)},
S$H()={xeX:3ge€ At,x), Ft,x,q) ¢ G(t,x,q)+ C(t,x,q)},

S3(t) ={x e X:3qg € A(t,x), F(t,x,q) N[G(t,x,q) + C(t, x,q)] = ¥},
S4(t) ={x € X:3qg € A(t,x), F(t,x,q) N[G(¢t,x,q) +int C(¢, x, q)] # 0},

wheret € T.

(i) Letint C have openness property on {ty} x X x Q; and let G be C-lsc on {to} x X x Q. If
F is C-usc and compact-valued on {ty} x X x Q (resp. if F is (—C)-Iscon{to} x X x Q),
then the set-valued map Sy (resp. S4) has openness property at t.

(ii) Let C have closedness property on {ty} x X x Q; and let G be C-usc and compact-
valued on {ty} x X x Q. If F is C-Isc on {to} x X x Q (resp. if F is (—C)-usc and
compact-valued on {to} x X x Q), then the set-valued map S (resp. S3) has openness
property at t.

Proof (i) For each (t,x,q) € T x X x Q, let us set H'(t,x,q) = G(t,x,q) +
int C(¢, x, g). We begin by the proof of the openness property of S at #.
Assume that xg € S| (7). Then there exists go € A(t, xo) such that

F(to, x0, q0) C H'(t0, x0, q0)-

Let W (2, xo0, qo) be the compact set associated to the definition of the C-upper semi-
continuity property of F at (¢, X0, go). Since C (¢, X0, go) iS a convex cone, and since
W (to, x0, q0) C C(fo, X0, q0), we have

F (10, x0, 90) + W (to, x0, qo) C H'(t0, X0, o).

By the openness property of H' at (fg, xo, go) (see Lemma 3.1) and by the compact-
ness of the sets F' (g, x0, qo) and W (¢, xo0, qo), there exist neighborhoods U (tp) of
to, U1 (x0) of xg, U1(qo) of qo, and a neighborhood V' of the origin Oy € Y such that

y € H/(anLZ)s
VY (t,x,q,y) € U(to) x Ur(xo) x Ur(qo)
x (F(to, x0, q0) + W(to, x0, gq0) + V). (D

It follows from the C-upper semicontinuity property of F at (9, xo, qo) that there
exist neighborhoods Uz (t9) C Uj(ty), Ua(xp) C Uj(xo) and Ua(qo) C Uj(qo) such
that

F(t,x,q) C F(t, x0, q0) + W(to, x0, q0) + V,
V(t, x,q) € Ux(tp) x Uz(xg) x Uz(qo)- ()

Observe now that Uz (go) is an open set having a common point go with A (%o, xo).
By the lower semicontinuity of A, there exist neighborhoods U (f9) C U;(fp) and
U (xg) C Uz(xp) such that

A(t,x) N U(qo0) # 9, V(t, x) € Ul(to) x U(xp). 3
Hence, for each (¢, x) € U(t) x U(xp), by (3) we can find a point g € A(z, x) such
that ¢ € U(qo). Since (¢, x, q) € U(ty) x U(xp) x U(qop), and since both conditions
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(1) and (2) hold, we have
F(t,x,q) C H'(t,x,q).
This shows that there exist neighborhoods U (7o) and U (xo) such that
x € 81(2), Y(t,x) € U(to) x U(xp).

Therefore, S1 has openness property at fg.
Consider now the openness property of Sy at 79. Assume that xg € S4(#). Then, we
can find a point gg € A(fp, xo) such that

F(to, x0, g0) N H'(t0, x0, q0) # ¥,

i.e., there exists yg € F(tg, xo, qo) such that yo € H' (19, x0, qo). Let W (19, X0, o) be
the compact set associated to the definition of the (—C)-lower semicontinuity property
of F at (to, xo, qo)- Since C (ty, X0, go) is a convex cone, and since W (ty, xg, go) C
—C(ty, X0, o), we have

yo — W (to, x0, o) C H'(10. x0. q0)-

By the openness property of H at (fy, xo, o) (see Lemma 3.1) and by the compactness
of the set W (¢, x9, go), there exist neighborhoods Uj (ty) of o, U; (xg) of xo, U1(qo)
of go, and a balanced neighborhood V of the origin Oy € Y such that

yo — W (i, x0.g0) + V C H'(t,x,q), Y(t,x,q) € Ui(tp) x Ui(x0) x Ui(qo). (4)

From the (—C)-lower semicontinuity property of F at (¢, X9, qo), it follows that there
exist neighborhoods U»(tg) C U (to), Ua(xo) C Ui (xo) and Uz(qo) C Ui(qgo) such
that

F(t,x,q) N[yo—W(to, x0, q0)+ V] # 0,V(t, x, q) € Ua(to) x U2(x0) x U2(qo). (5)

Since Uz (qo) has a common point go with A(#y, xo) and since A is a Isc map, there
exist neighborhoods U (fg) C Ua(tp) and U (x9) C Uz (xo) such that (3) holds. Hence,
for each (t,x) € U(ty) x U(xp), by (3) we can find a point g € A(z, x) such that
q € U(qo). Since (t, x, q) € U(tg) x U(xp) x U(qo) and since (5) holds, there exists
apointy € F(¢, x, g) such that y € yo — W(to, x0, qo) + V. From this and from (4),
we have

y € H/(tvxs L])’

and hence, F(t,x,q) N H'(t, x, q) # @. This shows that there exist neighborhoods
U (tp) and U (xp) such that

x € 84(t), Y(t,x) € U(tp) x U(xp).

Therefore, S4 has openness property at fg.

(ii)) Foreach (t,x,q) € T x X x Q,letusset H(t,x,q) = G(t,x,q) + C(t,x,q). We
now prove the openness property of Sy at #p. Assume that xo € S2(fp). Then there
exist go € A(tg, xo) and yo € F (ty, x0, go) such that

yo ¢ H(to, x0, q0)- (6)
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Let W (2, xo0, qo) be the compact set associated to the definition of the C-lower semi-
continuity property of F at (¢, X0, go). Since C (t, X0, go) iS a convex cone, and since
W (ty, x0, go) C C(to, x0, q0), we have from (6) that

[yo — W(t0, x0, q0)] N H (2o, X0, q0) = 9.

By the closedness property of H at (fg, xo, go) (see Lemma 3.1) and by the compact-
ness of the set W (1o, xo, qo), there exist neighborhoods U (ty) of t9, U (xo) of xo,
Ui (qo) of qo, and a neighborhood V of the origin Oy € Y such that

y¢H(, x,q), Y, x,q,y)€ Ui(to) xUi(xo) x Ui (qo) X (yo — W(to, x0, q0)+V).
(7

By the C-lower semicontinuity property of F at (o, X0, qo), we can find neighbor-
hoods U (tp) C Ui (ty), Ua(xp) C Uj(xp) and Ua(qo) C Uj(qo) such that

F(t,x,q) N [yo—W(to, x0, o)+ V1 # 8,V(t, x, ) € Uz(t0) x Uz (x0) x Uz(qo)-
3)
Since U»(qo) has a common point gg with A(#p, xo) and since A is a Isc map, there
exist neighborhoods U (t9) C Ua(fo) and U (xo) C Ua(xp) such that (3) holds. Hence,
for each (¢, x) € U(ty) x U(xp), by (3) we can find a point g € A(z, x) such that
q € U(qo). Since (t, x, q) € U(tp) x U(xp) X U(qop) and since (8) holds, we can find

apointy € F(t, x, g) such that y € yo — W(to, x0, qo) + V. From this and from (7),
we get

y¢& H(t, x,q).
This shows that there exist neighborhoods U (#y) and U (x¢) such that
x € $(t), V(t, x) € U(tg) x U(xp).

Therefore, S, has openness property at fg.
To complete the proof of Lemma 3.2, it remains to establish the openness property of
S3 at f9. Assume that xg € S3(7o). Then, there exists go € A(tp, xo) such that

F(t, x0, q0) N H (to, X0, qo) = 9. )

Let W (9, x0, go) be the compact set associated to the definition of the (—C)-upper
semicontinuity property of F at (ty, xo, qo). Since C (ty, X0, qo) is a convex cone, and
since W (o, x0, qo) C —C (t9, x0, o), we have from (9) that

[F(to, x0, g0) + W (to, X0, g0)1 N H (1o, x0, q0) = 9.

By the closedness property of H at (7o, xo, go) (see Lemma 3.1) and by the compact-
ness of the sets F (fo, X0, go) and W (9, xo, qo), there exist neighborhoods U (fp) of
to, U1 (xg) of xg, U1 (qo) of go, and a neighborhood V of the origin Oy € Y such that

y ¢ H(, x,q),
V(t,x,q,y) € Ui(to) x Ur(xo) x Ur(qo)
x (F (o, x0, qo) + W (t0, X0, q0) + V). (10)
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By the (—C)-upper semicontinuity property of F' at (7o, xo, go), we can find neigh-
borhoods U, (ty) C Ui (tp), Ua(xg) C Uj(xp) and Uz(qo) C Ui(qo) such that
F(t,x,q) C F(to, x0, q0)
+ W, x0,q0) +V, V(t,x,q) € Usto) x Uz(x0) x Uz(go)-(11)

Observe now that Uz (go) is an open set having a common point gg with A (%o, x0).
By the lower semicontinuity of A, there exist neighborhoods U (tp) C U (#p) and
U (x9) C Uz(xo) such that (3) holds. Hence, for each (¢, x) € U(ty) x U(xp), by (3)
wecanfindapointg € A(t, x) suchthatg € U(qo). Since (¢, x, g) € U(tp) x U (xo) X
U (o), and since both conditions (10) and (11) hold, we have F (¢, x, g)NH (¢, x, q) =
). This shows that there exist neighborhoods U (fo) and U (xo) such that
x € S3(t), V(t,x) € U(tp) x U(xg).
Therefore, S3 has openness property at . O
Denote by S(t) the solution set of Problem (7;). We assume that S(#p) # @ for a fixed
point to € T. Let us define the set-valued maps ¥, ¢, ¢; : T —> 25K j =1,2,3,4, by
setting
Y(t) ={(z,x) € E x K : (z,x) € B(t, z, x) x A'(t, z, x)},
@j(t) = {(z,x) : Vn € A(t, 2, x), (Fj(t, z, x,n), G (t, 2, x, ) € a;(Y})},
@) = {(z,x) : V € A(t, 2, %), (Fj(t,2,x,1m), G (t, z,x,m) € aj(¥;), j = 1,2,3,4},

4
()i,
j=1

wheret € T and (z,x) € E x K.

Proposition 3.1 Assume that S(ty) # 0 for some ty € T. Assume that

(i) Y is usc and compact-valued at to.
(i) ¢ has closedness property at t.

Then S is usc and compact-valued at tg.
Proof This is a consequence of Proposition 2.2 since S(t) = ¢(t) N (¢) forallt € T. 0O
The main result of this paper is given in the following theorem.

Theorem 3.1 Assume that S(ty) # 0 for some ty € T. Assume that

(1) ¥ is usc and compact-valued at to and A is Isc on {tp} x E x K.

(i1); The map int C1 has openness property on {to} x E x K x K, Fy is Ci-usc and com-
pact-valued on {to} x E x K x K, and G is Ci-lsc on {to} Xx E x K x K.

(i1)2 The map C, has closedness property on {tp} x E x K x K, F, is Ca-Isc on {tp} x E X
K x K, and G, is Ca-usc and compact-valued on {tg} x E x K x K.

(i1)3 The map Cs has closedness property on {to} x E x K x K, F3 is (—C3)-usc and
compact-valued on {ty} x E x K x K, and G3 is C3-usc and compact-valued on
{to} x Ex K x K.

(i1)4 The map int C4 has openness property on {to} X E x K x K, Fy is (—Cy)-Isc on
{to} x E x K x K, and G4 is Cq-lsc on {to} x E x K x K.
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Then S is usc and compact-valued at to.

Proof This is a consequence of Lemma 3.2, and Propositions 2.1 and 3.1. Indeed, consider
the set-valued maps ¥, ¢, ¢j : T —> 2EXK | j =1,2,3, 4, defined above. Observe that for
j=1,2,3,4, we have

9j()=(Ex K)\¢j(n), teT,
where

ga}(t) ={(z,x) € Ex K :3n e A(t, z,x),
(Fi(t,z,x,m), G(t, z,x, ) ¢a;(Y))}, t € T.

From Lemma 3.2 with E x K instead of X and K instead of Q, maps go}, j=1,2,3,4,
have openness property at fy, and hence, ¢;, j = 1, 2, 3, 4, have closedness property at t.
By Proposition 2.1, ¢ has closedness property at ty. To complete the proof it remains to apply
Proposition 3.1. O

Remark 3.1 1t is easy to verify that ¥ is upper semicontinuous at tp € 7 if E and K are
compact sets, and if A" and B are usc and compact-valued on {tp} x E x K.

Remark 3.2 In this section, we use the C-lower semicontinuity (resp. the C-upper semicon-
tinuity) of set-valued maps in the sense of Definition 2.2 where the associated set W (xq)
must be a compact subset of the cone C (xg). It is natural to ask if there exists a special case
of C such that our results in this section and in the next section remain valid without the
requirement of compactness of W (xp) in Definition 2.2. The answer to this question is in
the affirmative. This is the case where C is a constant set- valued map: C(x) = C’ for all x,
where C’ is a constant convex cone. In this case, we can take W (xg) = C’ and we can modify
the corresponding arguments to obtain the desired results. Let us illustrate this remark by
considering only the first conclusion of statement (i) of Lemma 3.2. Other conclusions of
this lemma and other results of this section and the next section can be proved similarly.

Now we assume that in statement (i) of Lemma 3.2 C(¢, x,q) = C’ for all (¢, x,q) €
T x K x Q,where C’ C Y is a convex cone with nonempty interior. We also assume that F
is C-lIsc (resp. G is C-usc) on {fg} x X x Q in the following sense: for any point (9, X9, go) €
{to} x X x Q and any open set N with F(tg, xo, g0) NN # @ (resp. G (to, X0, qo) C N)
there exist neighborhoods U (ty), U (xg) and U(qo) such that F(¢t,x,q) NN —C') # @
(resp. G(t,x,q) C N + C') for all (r,x,q) € U(ty) x U(xp) x U(qp). We claim that
the first conclusion of statement (i) of Lemma 3.2 remains true under this definition of
C-semicontinuities of set-valued maps F and G and under the above assumption of C. We
will see that the proof of statement (i) of Lemma 3.2 can be applied if we replace the asso-
ciated set W (19, x0, qo) by C’. Assume that xq is a point belonging to the set S} (zp). Then,
there exists gg € A(ty, xo) such that

F (19, x0. 0) C G(to, x0., go0) + int C (to, x0, qo) =: H'(t9, X0, q0)-

We claim that the first conclusion of statement (i) of Lemma 3.2 holds if the map H’ has
openness property at (f, X0, o). Indeed, in this case, by the compactness of F(ty, xo, q0),
we can find neighborhoods U (#p), U (x0), U1(qo) and a neighborhood V of Oy € Y such
that for all (¢, x, g) € Uy(tg) x Ui(x0) x U1(gp) we have

F(to, x0,q0) + V C H'(t, x, q),
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which implies that
F(to, x0,q0) +V +C C G(t,x,q) +int C'+ C' C G(t, x,q) +int C’ (12)

since C(t, x, q) = C’. Since F is C-usc and compact-valued at (zo, xo, o), there exist neigh-
borhoods U;(fg) C Ui (tp), Ua(x0) C Ui(xp) and U(qo) C Uj(qo) such that

F(t,x,q) C F(to, x0,q0) + V + C', V(t,x,q) € Ua(tg) x Ua(xp) x U(qo). (13)

Observe that U(qp) has a common point gg with A(fg, xo). Since A is a Isc map, there exist
neighborhoods U (ty) C Ua(tp) and U (xg) C Uz (xp) such that

A, x)NU(qo) #9, VY(t,x) € U(to) x U(xp).

Therefore, forall (¢, x) € U (t9) x U (x0), wecan findapointg € A(t, x) suchthatg € U (qo).
Since (t, x, q) € U(tg) x U(xg) x U(qp) and since both conditions (12) and (13) hold, we
have

F(t,x,q) C G(t,x,q) +int C’,

F(t,x,q) C G(t,x,q)+int C(t, x, q).

Since this is true for all (¢, x) € U(ty) x U(xp), we conclude that S has openness property
at tg, as desired.

To complete the proof we need to prove that H' has openness property at (g, xo, §o)-
Indeed, for each yg € H'(to, X0, q0), there exists y; € G(to, xo, go) such that

Yo — ¥y € int C(to, x0, go) = int C'.

By the openness of the set int C’ we can find a neighborhood V of the origin Oy € Y such
that

yo—Yo+V+VCintC.
This implies that
w+V-Ily-V-ClcintC'+C CintC'.

Since y, € G(t, x0, go) N (yy — V) and since G is C-Isc at (fo, X0, go), there exist neigh-
borhoods U (ty) of tg, U (xp) of xo and U (go) of go such that

Y €G(t,x,q) +V +C' ¥, x,q) € Uty) x Ulxg) x U(qo).
Thus, for all (¢, x, ¢) € U(tg) x U(xg) x U(qo), there exists y' € G(t, x, g) such that
y e y6 —-V-C.

Therefore, forall (z, x, ¢, y) € U(tg) x U (x0) x U (qo) x (yo+V), thereexists y' € G(z, x, q)
such that

y—y eint C(t,x, q).

This shows that y € y' +int C(¢, x, q) C G(t,x,q) +int C(t, x,q) = H'(t, x, q). Hence,
y € H'(t,x,q) for all (tr,x,q,y) € U(tg) x U(xp) x U(go) x (yo + V). Thus H' has
openness property at (fy, X0, o), as required.
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Remark 3.3 We have seen that our main result is obtained under the assumption that each
of the moving cones C; has openness/closedness properties and each of the set-valued maps
F; and G is cone-semicontinuous in the sense weaker than the usual definition of semicon-
tinuity. To illustrate this remark, we consider the following example, where the set-valued
maps Fj, j = 2, 4, are not Isc, but they are C-lsc; and the moving cones C; are not usc, but
they have openness or closedness properties.

Example 3.1 In this example, we consider Problem (77,2 ’4), i.e., Problem (P;) where
Fi,G;,Cjand aj, j = 1,3, are absent. Let Z = X = R, Y, = Yy = R E =K =
[0,1,T = [1/2,1] C R,and let § € ]0, 1[ . For any (t,z,x,n) € T x E x K x K,
let us define A'(t,z,x) = A(t,z,x) = [0,tx], B(t,z,x) = [0,1 — tz], Ga(t, 2, x, 1) =
Ga(t, z, x, n) = {(8t, 8z, 8x, én)},

Co(t, z,x,n) = cone {(t, z, x, )},
Calt,z,x,n) ={(, 2, X', n) eR* .t/ + zz/ + xx' + ' = 0},

_ {(_t7 —Z, —X, _77)} 1f (Za X, 77) ?é (Oa 0’ O),
P2t 2, x,m) = [ ((t, 2, x, 1) if (2, x, 1) = (0,0,0),

_ @z, x, )} if (z,x,n) # (0,0,0),
Falt,z,x,m) = [ [(0,0,0,0), (5t,0,0,0)] if (z, x,n) = (0,0,0),

It is easy to verify that, for each 79 € T, the solution set 82’4(t0) of the above Problem
(77,%’4) is nonempty since it contains the point (zg, xo) = (0, 0). From the definitions of A’
and B, it follows that the map v is usc and compact-valued at each point zy € T. Notice that
C3 has closed graph, and int C4 has open graph. The map Fp isnotlscon 7 x E x K x K,
but it is Cp-Isc on this set since the set W;(¢, z, x, n) associated to the C»-lower semi-
continuity of F, at each point (¢,z,x,17) € T x E x K x K can be defined as follows:
Wa(t, z,x,n) = {(0,0,0,0), (2t, 2z, 2x,2n)} if (z, x,n) = (0,0,0), and Wr(t,z,x, 1) =
{(0,0,0,0)} if (z,x,n) # (0,0,0). The map Fs isnotlscon T x E x K x K, but it
is (—C4)-Isc on this set, where the set Wy(z, z, x, ) associated to the (—Cj)-lower semi-
continuity of Fy at each point (¢,z,x,7) € T x E x K x K can be defined as follows:
Wa(t,z,x,n) = {(0,0,0,0)} U [(—t, —z, —x, —n), (6t — t, —z, —x, —)] if (z,x,n) =
(0,0,0), and Wy(t, z,x,n) = {(0,0,0,0)}if (z,x,n) # (0,0,0). Thus, for each ty € T,
all the Assumptions (i), (ii)2 and (ii)4 of Theorem 3.1 are satisfied. By Theorem 3.1, the
solution map S>* of Problem (P;"") is usc and compact-valued on T

4 Existence and compactness of solutions
This section is devoted to the solution existence in Problem (P;) with t = (. In other words,

we will be interested in the sufficient conditions under which S(#y) # . Before establishing
an existence result for Problem (P;) att =ty € T, we consider the following lemma.

Lemma 4.1 Let E and K be topological spaces, and Y be a topological vector space. Assume
that F, G : E x K x K — 2Y are maps with nonempty values, and C : E x K x K — 2Y
is a map such that, for each (z,x,n) € E x K x K, C(z, x,n) is a convex cone. Define
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Li:ExK—>2K,i:l,2,3,4,by

Li(z,n) ={xeK:F(z,x,n) ¢ G(z,x,n) +int C(z, x, n)},
Ly(z,m) ={x e K: F(z,x,n) C G(z,x,n) + C(z, x,n},
Li(z,m) ={x € K: F(z,x,n) N[G(z,x,n) + C(z,x, n)] # ¥},
Li(z,n) ={x € K : F(z,x,n) N[G(z, x,n) +int C(z, x,n)] = 7},

where (z,n) € E X K.

(i) Letint C have open graph and for each (z,x,n) € E x K x K,int C(z,x,n) # 0;
and let G be C-lscon E x K x K. If F is C-usc and compact-valued on E x K x K
(resp. if F is (—C)-Isc on E x K x K), then the set-valued map L1 (resp. Ls) has
closed graph.

(ii) Let C have closed graph, and let G be C-usc and compact-valuedon E x K x K. If F
is C-Iscon E x K x K (resp. if F is (—C)-usc and compact-valued on E x K x K),
then the set-valued map Ly (resp. L3) has closed graph.

Proof LetT' = ExKand X = Q=K.Fort' =(z,n) e T'"=ExK,x € Kandqg € Q,
we set

F'({',x,q9)=F(z,q.m),G' (t',x,9)=G(z,q,1n),C'(t', x,)=C(z, q,n), A (t', x)={x}.

Applying statement (i) of Lemma 3.2 with 7, F/, G', C' and A instead of T, F, G, C and
A, we derive that the set-valued map Si : E x K —> 2K defined by

Si(z.m) ={x € K:F(z,x,n) C G(z,x,n) +int C(z, x, n)},

has openness property at any point (zo, 70) € E x K. This means that S| has open graph.
To complete the proof of the closedness of the graph of L, it remains to observe that the
graph of L is exactly the complement of the graph of S|. We delete the similar proof of the
closedness of the graphof L;, j =2, 3, 4. O

In this section, we consider Problem (P;,) under the additional assumption that E and
K are nonempty compact convex subsets of locally convex Hausdorff topological vector
spaces Z and X, respectively. Let A’ : T x Ex K — 2K A T x Ex K — 2K B :
TxExK —>2F, Fi,G;j :TxExKxK — 2Y,j =1, 2, 3, 4, be as in the previous
section. For j = 1,2,3,4,1etC; : TXxEXK xK —> 2%j be set-valued maps such that, for
each (t,z,x,n) € T x Ex K x K, Cj(t, z, x, n) is a convex cone. We also assume that the
interior of each value of set-valued maps C and Cy4 is nonempty. Foreach j =1, 2, 3, 4, and
each (r,z,x,n) € T x E x K x K, leta;(Y;) and G’j(t, Z, x, 1) be as in the Introduction.

For j =1, 2, 3, 4, let us introduce the set-valued map Ly, :TXxExK — 2K defined
by

Lo;(t,z,m) =f{x € K (Fj(t,z,x,m), G (t,z,x,m) € a;(¥))}, (t,z,m) € T x E x K.

WesetY = Hj:] Y;, and consider the following subset a(Y) of the product 2V x 2V

4 4
a¥) = {(@b)e2" x2" a=[]a;. b=]]b;
j=1 j=1

aj,bj C Yj, (aj,bj) EO{j(Yj), j= 1,2,3,4
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Let us define the set-valued maps F, G’ : T x E x K x K —> 2Y as follows

4
F(t,z,x,n) = H Fit,z,x,n),
j=1

4
Gtz xm =[] G,z xm).
j=1
Forfixedty € T, j = 1,2, 3, 4, letus write C} 4, instead of Cj (t9, -, -, -). Thus, the set-valued
mapCj: EX K x K — 2Yi is defined by setting

Ciw@ x,n) =Cjto,z,x,m), (z,x,n) € Ex K xK.
A/

I

The set-valued maps Fj s, G 1. G;.’to, Ly 19, Fiys Gros G’

f0’ Ay, and By, are defined
similarly.

Theorem 4.1 Let X, Y and Z be locally convex Hausdorff topological vector spaces, and
let E and K be nonempty compact convex subsets of Z and X, respectively. Assume that

(i) A;U is a usc map with closed convex values; Ay, is a lsc map with closed convex values

such that Ay, C A;O; and By, is an acyclic map.

(ii)1 int Cy 4, has open graph, F y is Cy g -usc and compact-valued on E x K x K, and
Gl is Crpy-lscon E x K x K.

(ii)2 Cayy has closed graph, F» 4, is Co 4y-lsc on E x K x K, and G2y, is C3 1y -usc and
compact-valued on E x K x K.

(ii)3 Cs.,4 has closed graph, F3 4, is (—C3 4,)-usc and compact-valued on E x K x K, and
G3 1y is C3,4y-usc and compact-valued on E x K x K.

(ii)4 int Ca 4, has open graph, Fy y, is (—Cy)-Isc on E x K x K, and Gy, is Cy 4y-lsc
on E x K x K.

@iii) For j = 1,2,3,4, La_i,,0 has convex values, and for each 7z € E, the pair
(Fp(z, -, ), G;O (z, -, ) is a(Y)-diagonally quasiconvex in the second variable 1.

Then S(ty) # 9, i.e, there exists a point (zg, x9) € E x K such that (zg, xo) € B(tg, 20, X0) X

A'(to, 20, X0) and

(Fj(t0, 20, X0, m), G'; (to, 20, x0, ) € @ (¥;), Y € A(t0, 20, X0), Vj = 1,2,3, 4.
Moreover, S(tp) is a nonempty compact set.
Proof Consider the set-valued map Ly, : E x K —> 2K defined by

Lay(z,m) = {x € K : (Fyy(z, x, 1), Gj,(z, x, m) € a(Y)}, (z,n) € E x K.

Observe that for all (z,n) € E x K,

4
Loy m =[] Lajio( ),
Jj=1

where
Loji(z,m) = {x € K : (Fjq(z,x,m), Gy (2 x,m) €a; (Y}, j=1,2,3,4
By Lemma 4.1, La,uto’j = 1,2, 3,4, are closed maps, and hence, Ly, is a closed map.

On the other hand, from assumption (iii) we see that L ;, has convex values. Thus, Ly
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is a closed map with convex values. Applying Theorem 2.1, we obtain the nonemptiness of
S(tp). Consider now the compactness of this set. Observe that

S(to) := {(z,x) € Byy(z, x) x Ay (z,x) : V) € Ay(z, x),
(Fja(z,x,m), G (2, x,m) € aj(Y)), j=1,2,3,4},

J:10

is the solution set of Problem (7;) with t = #¢. For each j =1, 2, 3, 4, we set
M ={(z,x) € Ex K : Y € Ay(z, %), (Fj sy (z,x, 1), G (2, x,m) € aj (Y))}.
It is clear that that S(f9) = M N M’, where
M = {(z,x) € E X K : (z,x) € By(z,x) x A; (z, %)},

4
M = ﬂ M.
=1

It is easy to see that M is a compact set. So to prove the compactness of S(#p), it remains
to show that M’ is compact. Observe that, for each j = 1, 2, 3, 4, the set M ; is closed in
E x K.Indeed, M| is the complement of the set

My ={(z,x) € Ex K :3n € Ay(z, x),
Fij(z,x,m) C Gjy(z,x,m) +int Cjq(z, x, n)}

Applying Lemma 3.2 with X = E x K and Q = K, we can infer that M; isopenin E x K.
Thus, M{ is closed in E x K. Similarly, we can use Lemma 3.2 to prove that M;., Jj=2,3,4,
are closed in E x K. Therefore M’ is closed in E x K and hence, it is compact since E x K
is a compact set. O

Remark 4.1 This remark is related to condition (iii) of Theorem 4.1. Sufficient conditions for
the convexity of L jit0s Jj =1,2,3,4,are given in Proposition 2.3 of [32]. From the definition
of a(Y), it is easy to verify that the pair (F,(z, -, -), G;O (z,+, ) is a(Y)-diagonally quasi-
convex in the second variable 7 if and only if for each finite set {n;, i = 1,2,...,n} C K
and each pointx € co{n;, i =1,2,...,n}, there exists anindex i € {1, 2, ..., n} such that

(Fjo(@x,m), G (@ x,mi) € aj(Yy), j =1,2,3,4.

Remark 4.2 In view of Remark 3.2 we see that the C;-semicontinuities of F; and G; in
Theorems 3.1 and 4.1 can be weakened if C; is a constant convex cone.
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